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Unit- 1 

 
German mathematician G. Cantor introduced the concept of sets. He had defined a set as a 
collection of definite and distinguishable objects selected by the means of certain rules or 
description. 
Set theory forms the basis of several other fields of study like counting theory, relations, graph 
theory and finite state machines. In this chapter, we will cover the different aspects of Set 
Theory. 

Set - Definition 
A set is an unordered collection of different elements. A set can be written explicitly by listing 
its elements using set bracket. If the order of the elements is changed or any element of a set 
is repeated, it does not make any changes in the set. 

Some Example of Sets 
 A set of all positive integers 
 A set of all the planets in the solar system 
 A set of all the states in India 
 A set of all the lowercase letters of the alphabet 

Representation of a Set 
Sets can be represented in two ways − 

 Roster or Tabular Form 
 Set Builder Notation 

Roster or Tabular Form 
The set is represented by listing all the elements comprising it. The elements are enclosed 
within braces and separated by commas. 

Example 1 − Set of vowels in English alphabet, A= {a, e, i, o, u} 

Example 2 − Set of odd numbers less than 10, B= {1, 3, 5, 7, 9} 

Set Builder Notation 
The set is defined by specifying a property that elements of the set have in common. The set is 

described as A={x:p(x)}A={x:p(x)} 

Example 1 − The set {a,e,i,o,u}{a,e,i,o,u} is written as − 

A={x:x is a vowel in English alphabet}A={x:x is a vowel in English alphabet} 

 

Example 2 − The set {1,3,5,7,9}{1,3,5,7,9} is written as − 

B={x:1≤x<10 and (x%2)≠0}B={x:1≤x<10 and (x%2)≠0} 
If an element x is a member of any set S, it is denoted by x∈Sx∈S and if an element y is not a 

member of set S, it is denoted by y∉Sy∉S. 

 

Example − If S={1,1.2,1.7,2},1∈SS={1,1.2,1.7,2},1∈S but 1.5∉S1.5∉S 

Some Important Sets 

N − the set of all natural numbers = {1,2,3,4,.....}{1,2,3,4,.....} 

Z − the set of all integers = {.....,−3,−2,−1,0,1,2,3,.....}{.....,−3,−2,−1,0,1,2,3,.....} 

Z+ − the set of all positive integers 

Q − the set of all rational numbers 

R − the set of all real numbers 

W − the set of all whole numbers 
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Cardinality of a Set 
Cardinality of a set S, denoted by |S||S|, is the number of elements of the set. The number is 

also referred as the cardinal number. If a set has an infinite number of elements, its cardinality 

is ∞∞. 

Example − |{1,4,3,5}|=4,|{1,2,3,4,5,…}|=∞|{1,4,3,5}|=4,|{1,2,3,4,5,…}|=∞ 

If there are two sets X and Y, 

 |X|=|Y||X|=|Y| denotes two sets X and Y having same cardinality. It occurs when the number of 

elements in X is exactly equal to the number of elements in Y. In this case, there exists a bijective 
function ‘f’ from X to Y. 

 |X|≤|Y||X|≤|Y| denotes that set X’s cardinality is less than or equal to set Y’s cardinality. It occurs 

when number of elements in X is less than or equal to that of Y. Here, there exists an injective 
function ‘f’ from X to Y. 

 |X|<|Y||X|<|Y| denotes that set X’s cardinality is less than set Y’s cardinality. It occurs when number 

of elements in X is less than that of Y. Here, the function ‘f’ from X to Y is injective function but not 
bijective. 

 If |X|≤|Y|If |X|≤|Y| and |X|≥|Y||X|≥|Y| then |X|=|Y||X|=|Y|. The sets X and Y are commonly 

referred as equivalent sets. 

Types of Sets 
Sets can be classified into many types. Some of which are finite, infinite, subset, universal, 
proper, singleton set, etc. 

Finite Set 
A set which contains a definite number of elements is called a finite set. 

Example − S={x|x∈NS={x|x∈N and 70>x>50}70>x>50} 

Infinite Set 
A set which contains infinite number of elements is called an infinite set. 

Example − S={x|x∈NS={x|x∈N and x>10}x>10} 

 
Subset 
A set X is a subset of set Y (Written as X⊆YX⊆Y) if every element of X is an element of set Y. 

Example 1 − Let, X={1,2,3,4,5,6}X={1,2,3,4,5,6} and Y={1,2}Y={1,2}. Here set Y is a 

subset of set X as all the elements of set Y is in set X. Hence, we can write Y⊆XY⊆X. 

Example 2 − Let, X={1,2,3}X={1,2,3} and Y={1,2,3}Y={1,2,3}. Here set Y is a subset (Not 

a proper subset) of set X as all the elements of set Y is in set X. Hence, we can 

write Y⊆XY⊆X. 

 
Proper Subset 
The term “proper subset” can be defined as “subset of but not equal to”. A Set X is a proper 

subset of set Y (Written as X⊂YX⊂Y) if every element of X is an element of set Y 

and |X|<|Y||X|<|Y|. 

Example − Let, X={1,2,3,4,5,6}X={1,2,3,4,5,6} and Y={1,2}Y={1,2}. Here 

set Y⊂XY⊂X since all elements in YY are contained in XX too and XX has at least one 

element is more than set YY. 

Universal Set 
It is a collection of all elements in a particular context or application. All the sets in that context 
or application are essentially subsets of this universal set. Universal sets are represented 

as UU. 

Example − We may define UU as the set of all animals on earth. In this case, set of all 

mammals is a subset of UU, set of all fishes is a subset of UU, set of all insects is a subset 

of UU, and so on. 
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Empty Set or Null Set 
An empty set contains no elements. It is denoted by ∅∅. As the number of elements in an 

empty set is finite, empty set is a finite set. The cardinality of empty set or null set is zero. 

Example − S={x|x∈NS={x|x∈N and 7<x<8}=∅7<x<8}=∅ 

Singleton Set or Unit Set 
Singleton set or unit set contains only one element. A singleton set is denoted by {s}{s}. 

Example − S={x|x∈N, 7<x<9}S={x|x∈N, 7<x<9} = {8}{8} 

Equal Set 
If two sets contain the same elements they are said to be equal. 

Example − If A={1,2,6}A={1,2,6} and B={6,1,2}B={6,1,2}, they are equal as every 

element of set A is an element of set B and every element of set B is an element of set A. 

Equivalent Set 
If the cardinalities of two sets are same, they are called equivalent sets. 

Example − If A={1,2,6}A={1,2,6} and B={16,17,22}B={16,17,22}, they are equivalent as 

cardinality of A is equal to the cardinality of B. i.e. |A|=|B|=3|A|=|B|=3 

Overlapping Set 
Two sets that have at least one common element are called overlapping sets. 
In case of overlapping sets − 

 n(A∪B)=n(A)+n(B)−n(A∩B)n(A∪B)=n(A)+n(B)−n(A∩B) 
 n(A∪B)=n(A−B)+n(B−A)+n(A∩B)n(A∪B)=n(A−B)+n(B−A)+n(A∩B) 
 n(A)=n(A−B)+n(A∩B)n(A)=n(A−B)+n(A∩B) 
 n(B)=n(B−A)+n(A∩B)n(B)=n(B−A)+n(A∩B) 

Example − Let, A={1,2,6}A={1,2,6} and B={6,12,42}B={6,12,42}. There is a common 

element ‘6’, hence these sets are overlapping sets. 

Disjoint Set 
Two sets A and B are called disjoint sets if they do not have even one element in common. 
Therefore, disjoint sets have the following properties − 

 n(A∩B)=∅n(A∩B)=∅ 

 n(A∪B)=n(A)+n(B)n(A∪B)=n(A)+n(B) 

Example − Let, A={1,2,6}A={1,2,6} and B={7,9,14}B={7,9,14}, there is not a single 

common element, hence these sets are overlapping sets. 

 
Venn Diagrams 
Venn diagram, invented in 1880 by John Venn, is a schematic diagram that shows all possible 
logical relations between different mathematical sets. 
Examples 
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Set Operations 
Set Operations include Set Union, Set Intersection, Set Difference, Complement of Set, and 
Cartesian Product. 

Set Union 
The union of sets A and B (denoted by A∪BA∪B) is the set of elements which are in A, in B, or 

in both A and B. Hence, A∪B={x|x∈A OR x∈B}A∪B={x|x∈A OR x∈B}. 

Example −If A={10,11,12,13}A={10,11,12,13} and B = {13,14,15}{13,14,15}, 

then A∪B={10,11,12,13,14,15}A∪B={10,11,12,13,14,15}. (The common element occurs only 

once) 

 
Set Intersection 
The intersection of sets A and B (denoted by A∩BA∩B) is the set of elements which are in 

both A and B. Hence, A∩B={x|x∈A AND x∈B}A∩B={x|x∈A AND x∈B}. 

Example −If A={11,12,13}A={11,12,13} and B={13,14,15}B={13,14,15}, 

then A∩B={13}A∩B={13}. 
 

 
 
Set Difference/ Relative Complement 
The set difference of sets A and B (denoted by A–BA–B) is the set of elements which are only 

in A but not in B. Hence, A−B={x|x∈A AND x∉B}A−B={x|x∈A AND x∉B}. 

Example −If A={10,11,12,13}A={10,11,12,13} and B={13,14,15}B={13,14,15}, 

then (A−B)={10,11,12}(A−B)={10,11,12} and (B−A)={14,15}(B−A)={14,15}. Here, we can 

see (A−B)≠(B−A)(A−B)≠(B−A) 
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Complement of a Set 
The complement of a set A (denoted by A′A′) is the set of elements which are not in set A. 

Hence, A′={x|x∉A}A′={x|x∉A}. 

More specifically, A′=(U−A)A′=(U−A) where UU is a universal set which contains all objects. 

Example − 
If A={x|x belongstosetofoddintegers}A={x|x belongstosetofoddintegers} then A′={y|y doesnotb
elongtosetofoddintegers}A′={y|y doesnotbelongtosetofoddintegers} 

 
 
Cartesian Product / Cross Product 
The Cartesian product of n number of sets A1,A2,…AnA1,A2,…An denoted 

as A1×A2⋯×AnA1×A2⋯×An can be defined as all possible ordered 

pairs (x1,x2,…xn)(x1,x2,…xn) where x1∈A1,x2∈A2,…xn∈Anx1∈A1,x2∈A2,…xn∈An 

Example − If we take two sets A={a,b}A={a,b} and B={1,2}B={1,2}, 

The Cartesian product of A and B is written as 

− A×B={(a,1),(a,2),(b,1),(b,2)}A×B={(a,1),(a,2),(b,1),(b,2)} 

The Cartesian product of B and A is written as 

− B×A={(1,a),(1,b),(2,a),(2,b)}B×A={(1,a),(1,b),(2,a),(2,b)} 

 

Power Set 
Power set of a set S is the set of all subsets of S including the empty set. The cardinality of a 

power set of a set S of cardinality n is 2n2n. Power set is denoted as P(S)P(S). 

Example − 

For a set S={a,b,c,d}S={a,b,c,d} let us calculate the subsets − 

 Subsets with 0 elements − {∅}{∅} (the empty set) 

 Subsets with 1 element − {a},{b},{c},{d}{a},{b},{c},{d} 
 Subsets with 2 elements 

− {a,b},{a,c},{a,d},{b,c},{b,d},{c,d}{a,b},{a,c},{a,d},{b,c},{b,d},{c,d} 

 Subsets with 3 elements − {a,b,c},{a,b,d},{a,c,d},{b,c,d}{a,b,c},{a,b,d},{a,c,d},{b,c,d} 

 Subsets with 4 elements − {a,b,c,d}{a,b,c,d} 

Hence, P(S)=P(S)= 

{{∅},{a},{b},{c},{d},{a,b},{a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},{a,
b,c,d}}{{∅},{a},{b},{c},{d},{a,b},{a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},{a,b,c,d}} 

|P(S)|=24=16|P(S)|=24=16 

Note − The power set of an empty set is also an empty set. 
|P({∅})|=20=1 
 
Laws of Algebra of Sets 
1. Commutative Laws: 

For any two finite sets A and B; 
(i) A U B = B U A 
(ii) A ∩ B = B ∩ A 
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2. Associative Laws: 

For any three finite sets A, B and C; 
(i) (A U B) U C = A U (B U C) 
(ii) (A ∩ B) ∩ C = A ∩ (B ∩ C) 

Thus, union and intersection are associative. 
 

3. Idempotent Laws: 

For any finite set A; 
(i) A U A = A 
(ii) A ∩ A = A 

 

4. Distributive Laws: 
For any three finite sets A, B and C; 
(i) A U (B ∩ C) = (A U B) ∩ (A U C) 

(ii) A ∩ (B U C) = (A ∩ B) U (A ∩ C) 

Thus, union and intersection are distributive over intersection and union respectively. 

 

5. De Morgan’s Laws: 

 For any two finite sets A and B; 
(i) A – (B U C) = (A – B) ∩ (A – C) 

(ii) A - (B ∩ C) = (A – B) U (A – C) 

De Morgan’s Laws can also we written as: 
(i) (A U B)’ = A' ∩ B' 

(ii) (A ∩ B)’ = A' U B' 

More laws of algebra of sets: 

 

6. For any two finite sets A and B; 
(i) A – B = A ∩ B' 
(ii) B – A = B ∩ A' 

(iii) A – B = A ⇔ A ∩ B = ∅ 

(iv) (A – B) U B = A U B 
(v) (A – B) ∩ B = ∅ 

(vi) A⊆ B ⇔ B' ⊆ A' 
(vii) (A – B) U (B – A) = (A U B) – (A ∩ B) 

 

7. For any three finite sets A, B and C; 
(i) A – (B ∩ C) = (A – B) U (A – C) 

(ii) A – (B U C) = (A – B) ∩ (A – C) 
(iii) A ∩ (B - C) = (A ∩ B) - (A ∩ C) 

(iv) A∩ (B △ C) = (A ∩ B) △ (A ∩ C) 

 
Some important results on number of elements in sets: 
 If A, B and C are finite sets and U be the finite universal set then 
n(A U B) = n(A) + n(B) - n(A ∩ B) 
n(AUBUC) = n(A)+n(B)+ n(C)-n(AB)-n(Anc)-n(BnC)+n(AnBnC) 
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ILLUSTRATIVE EXAMPLES  

Example 1: 

 
Example 2: 
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Ordered pair: 
In the set theory, we learnt to write a set in different forms, we also learnt about different 
types of sets and studied operations on sets and Venn diagrams. Also in co-ordinate system we 

learnt about an ordered pair. 
We studied ordered pair in co-ordinate system to locate a point. By the ordered pair (2, 5) we 
mean a pair of two integers, strictly in the order with 2 at first place called the abscissa and 5 

at second place called the ordinate.  
 
The ordered pair (2, 5) is not equal to ordered pair (3, 2) i.e., (2, 5) ≠ (5, 2). Thus, in a pair, 

the order of elements is important. An ordered pair consists of two elements that are written in 
the fixed order. So, we define an ordered pair as:  
 
• The pair of elements that occur in particular order and are enclosed in brackets are called a 
set of ordered pairs.  

 
• If ‘a’ and ‘b’ are two elements, then the two different pairs are (a, b); (b, a) and (a, b); (b, 
a).  

 
• In an ordered pair (a, b), a is called the first component and b is called the second 
component.  
Suppose, if A and B are two sets such that a∈A and b∈B, then by the ordered pair of elements 
we mean (a, b) where 'a' is called the Iˢᵗ component and 'b' is called the IIⁿᵈ component of the 

ordered pair. 
If the position of the components is changed, then the ordered pair is changed, i.e., it becomes 
(b, a) but (a, b) ≠ (b, a). 
 

Cartesian product of Two Sets 
If A and B are two non-empty sets, then their Cartesian product A × B is the set of all 

ordered pair of elements from A and B. 
        A × B = {(x, y) : x ∈ A, y ∈ B} 
Suppose, if A and B are two non-empty sets, then the Cartesian product of two sets, A and set 
B is the set of all ordered pairs (a, b) such that a ∈A and b∈B which is denoted as A × B. 
 
For Example;  
1. If A = {7, 8} and B = {2, 4, 6}, find A × B.  
Solution: 
A × B = {(7, 2); (7, 4); (7, 6); (8, 2); (8, 4); (8, 6)}  
The 6 ordered pairs thus formed can represent the position of points in a plane, if a and B are 

subsets of a set of real numbers.  

 
2. If A × B = {(p, x); (p, y); (q, x); (q, y)}, find A and B.  

Solution: 
A is a set of all first entries in ordered pairs in A × B. 

B is a set of all second entries in ordered pairs in A × B. 
Thus A = {p, q} and B = {x, y} 

 
3. If A and B are two sets, and A × B consists of 6 elements: If three elements of A × B are (2, 

5) (3, 7) (4, 7) find A × B. 
 
Solution: 
Since, (2, 5) (3, 7) and (4, 7) are elements of A × B. 
So, we can say that 2, 3, 4 are the elements of A and 5, 7 are the elements of B. 
So, A = {2, 3, 4} and B = {5, 7} 
Now, A × B = {(2, 5); (2, 7); (3, 5); (3, 7); (4, 5); (4, 7)} 
Thus, A × B contain six ordered pairs. 
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4. If A = { 1, 3, 5} and B = {2, 3}, then 

Find: (i) A × B (ii) B × A (iii) A × A (iv) (B × B) 
Solution: 

A ×B={1, 3, 5} × {2,3} = [{1, 2},{1, 3},{3, 2},{3, 3},{5, 2},{5, 3}] 
B × A = {2, 3} × {1, 3, 5} = [{2, 1},{2, 3},{2, 5},{3, 1},{3, 3},{3, 5}] 

A × A = {1, 3, 5} × {1, 3, 5}= [{1, 1},{1, 3},{1, 5},{3, 1},{3, 3},{3, 5},{5, 1},{5, 
3},{5, 5}] 

B × B = {2, 3} × {2, 3} = [{2, 2},{2, 3},{3, 2},{3, 3}] 
 

Note: 
If either A or B are null sets, then A ×B will also be an empty set, i.e., if A = ∅ or 

B = ∅, then A × B = ∅ 

Relation 

the concept of relation in math refers to an association of two objects or two variables 

based some property possessed by them. 
 

For Example: 
1. Rachel is the daughter of Noah.  

This statement shows the relation between two persons.  
The relation (R) being ‘is daughter of’.  
 

2. 5 is less than 9.  
This statement shows the relation between two numbers.  

The relation (R) being ‘is less than’.  
 

If A and B are two non-empty sets, then the relation R from A to B is a subset of A x B, 
i.e., R ⊆ A x B.  

If (a, b) ∈ R, then we write a R b and is read as 'a' related to 'b'.  

 
3. Let A and B denote the set animals and their young ones.  

Clearly, A = {cat, dog, cow, goat} 
B = {kitten, puppy, calf, kid} 
The relation (R) being ‘is young one of ‘. 
Then the fact that, 
Kitten is the young one of a cat. 

Thus, kitten is related to cat. 
Puppy is the young one of a dog. 

Thus, puppy is related to dog. 
Calf is the young one of a cow. 

Thus, calf is related to cow. 
Kid is the young one of a goat. 

Thus, kid is related to goat. 
 

This fact can also be written as set R or ordered pairs. 
R = {(kitten, cat), (puppy, dog), (calf, cow), (kid, goat)} 

 
Clearly, R ⊆ B × A 

Thus, if A and B are two non-empty sets, then the relation R from A to B is a subset of 
A×B, i.e., R ⊆ A × B. 

If (a, b) ∈ R, then we write a R b and is read as a is related to b. 
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Representation of Relation in Math: 
The relation in math from set A to set B is expressed in different forms.  
      (i) Roster form  

      (ii) Set builder form  
      (iii) Arrow diagram  

 
i. Roster form:  

● In this, the relation (R) from set A to B is represented as a set of ordered pairs. 
● In each ordered pair 1st component is from A; 2nd component is from B. 

● Keep in mind the relation we are dealing with. (>, < etc.) 
For Example: 

1. If A = {p, q, r} B = {3, 4, 5} 
then R = {(p, 3), (q, 4), (r, 5)} 

Hence, R ⊆ A × B 

 

2. Given A = {3, 4, 7, 10} B = {5, 2, 8, 1} then the relation R from A to B is defined 
as ‘is less than’ and can be represented in the roster form as R = {(3, 5) (3, 8) (4, 5), 

(4, 8), (7, 8)} 
Here, 1ˢᵗ component < 2ⁿᵈ component. 

In roster form, the relation is represented by the set of all ordered pairs belonging to 
R. 

If A = {-1, 1, 2} and B = {1, 4, 9, 10} 
if a R b means a² = b 

then, R (in roster form) = {(-1, 1), (1, 1), (2, 4) 
 

ii. Set builder form: 
In this form, the relation R from set A to set B is represented as R = {(a, b): a ∈ A, b ∈ 

B, a...b}, the blank space is replaced by the rule which associates a and b. 
For Example: 

Let A = {2, 4, 5, 6, 8} and B = {4, 6, 8, 9} 
Let R = {(2, 4), (4, 6), (6, 8), (8, 10) then R in the set builder form, it can be written as 
R = {a, b} : a ∈ A, b ∈ B, a is 2 less than b} 
 
iii. Arrow diagram: 
● Draw two circles representing Set A and Set B. 
● Write their elements in the corresponding sets, i.e., elements of Set A in circle A and elements of Set B 
in circle B. 
● Draw arrows from A to B which satisfy the relation and indicate the ordered pairs. 

 
 

 
 

 

https://www.math-only-math.com/images/representing-set-A-and-Set-B.jpg
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For Example: 
1. If A = {3, 4, 5} B = {2, 4, 6, 9, 15, 16, 25}, then relation R from A to B is defined as ‘is a positive 
square root of’ and can be represented by the arrow diagram as shown. 
Here R = {(3, 9); (4, 16); (5, 25)} 
In this form, the relation R from set A to set B is represented by drawing arrows from 1ˢᵗ component to 2ⁿᵈ 
components of all ordered pairs which belong to R. 

 
 

2. If A = {2, 3, 4, 5} and B = {1, 3, 5} and R be the relation 'is less than' from A to B, 
then R = {(2, 3), (2, 5), (3, 5), (4, 5)} 
 

Domain and Range of a Relation 
In domain and range of a relation, if R be a relation from set A to set B, then 

 
• The set of all first components of the ordered pairs belonging to R is called the 
domain of R. 
Thus, Dom(R) = {a ∈ A: (a, b) ∈ R for some b ∈ B}. 

 
• The set of all second components of the ordered pairs belonging to R is called the 

range of R. 
Thus, range of R = {b ∈ B: (a, b) ∈R for some a ∈ A}. 

Therefore, Domain (R) = {a : (a, b) ∈ R} and Range (R) = {b : (a, b) ∈ R} 

Note: 
The domain of a relation from A to B is a subset of A.  

The range of a relation from A to B is a subset of B. 
 
For Example: 

If A = {2, 4, 6, 8)   B = {5, 7, 1, 9}. 
Let R be the relation ‘is less than’ from A to B. Find Domain (R) and Range (R). 

 
Solution: 

Under this relation (R), we have 
R = {(4, 5); (4, 7); (4, 9); (6, 7); (6, 9), (8, 9) (2, 5) (2, 7) (2, 9)} 

Therefore, Domain (R) = {2, 4, 6, 8} and Range (R) = {1, 5, 7, 9} 
 

Solved examples on domain and range of a relation: 
1. In the given ordered pair (4, 6); (8, 4); (4, 4); (9, 11); (6, 3); (3, 0); (2, 3) find the 

following relations. Also, find the domain and range. 
(a) Is two less than 

(b) Is less than 
(c) Is greater than 

(d) Is equal to 
 

https://www.math-only-math.com/images/representation-of-relation.jpg
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Solution: 

(a) R₁ is the set of all ordered pairs whose 1ˢᵗ component is two less than the 2ⁿᵈ 
component. 
Therefore, R₁ = {(4, 6); (9, 11)} 

Also, Domain (R₁) = Set of all first components of R₁ = {4, 9} and Range (R₂) = Set of 

all second components of R₂ = {6, 11} 

 
(b) R₂ is the set of all ordered pairs whose 1ˢᵗ component is less than the second 

component. 

Therefore, R₂ = {(4, 6); (9, 11); (2, 3)}. 

Also, Domain (R₂) = {4, 9, 2} and Range (R₂) = {6, 11, 3} 

 
(c) R₃ is the set of all ordered pairs whose 1ˢᵗ component is greater than the second 

component. 
Therefore, R₃ = {(8, 4); (6, 3); (3, 0)} 

Also, Domain (R₃) = {8, 6, 3} and Range (R₃) = {4, 3, 0} 

 
(d) R₄ is the set of all ordered pairs whose 1ˢᵗ component is equal to the second 

component. 
Therefore, R₄ = {(3, 3)} 

Also, Domain (R) = {3} and Range (R) = {3} 
 

2. Let A = {2, 3, 4, 5} and B = {8, 9, 10, 11}. 
Let R be the relation ‘is factor of’ from A to B. 

(a) Write R in the roster form. Also, find Domain and Range of R. 
(b) Draw an arrow diagram to represent the relation. 

 
Solution: 

(a) Clearly, R consists of elements (a, b) where a is a factor of b. 
Therefore, Relation (R) in the roster form is R = {(2, 8); (2, 10); (3, 9); (4, 8),  

(5,10)} 
 

Therefore, Domain (R) = Set of all first components of R = {2, 3, 4, 5} and Range (R) 
= Set of all second components of R = {8, 10, 9} 
 

(b) The arrow diagram representing R is as follows: 
 

 
0Save 

https://www.pinterest.com/pin/create/button/?guid=E4qsZ1eAKKK2-3&url=http%3A%2F%2Fwww.math-only-math.com%2Fdomain-and-range-of-a-relation.html&media=https%3A%2F%2Fwww.math-only-math.com%2Fimages%2Fdomain-and-range-of-r.jpg&description=Domain%20and%20Range%20of%20R
https://www.math-only-math.com/images/domain-and-range-of-r.jpg
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3. The arrow diagram shows the relation (R) from set A to set B. Write this relation in 

the roster form. 

 
 

Solution: 

Clearly, R consists of elements (a, b), such that ‘a’ is square of ‘b’ 
i.e., a = b². 

So, in roster form R = {(9, 3); (9, -3); (4, 2); (4, -2); (16, 4); (16, -4)} 

Relations And Its Types 

Relations and its types concepts are one of the important topics of set theory. Sets, relations and 
functions all three are interlinked topics. Sets denote the collection of ordered elements whereas relations 
and functions defines the operations performed on sets. 
The relations defines the connection between the two given sets. Also, there are types of relations stating 
the connections between the sets. Hence, here we will learn about relations and its types in detail. 
Table of contents: 

 Definition 

 Types 

 Empty Relation 

 Universal Relation 

 Identity Relation 

 Inverse Relation 

 Reflexive Relation 

 Symmetric Relation 

 Transitive Relation 

 Equivalence Relation 

 Representation 

 Example Question 

 
Relations Definition 
A relation in mathematics defines the relationship between two different sets of information. If two sets 
are considered, the relation between them will be established if there is a connection between the 
elements of two or more non-empty sets. 
In the morning assembly at schools, students are supposed to stand in a queue in ascending order of the 
heights of all the students. This defines an ordered relation between the students and their heights. 
Therefore, we can say, 
‘A set of ordered pairs is defined as a relation.’ 

 

https://byjus.com/maths/relations-and-functions/
https://byjus.com/maths/relations-and-functions/
https://byjus.com/#definition
https://byjus.com/#types
https://byjus.com/#empty-relation
https://byjus.com/#universal-relation
https://byjus.com/#identity-relation
https://byjus.com/#inverse-relation
https://byjus.com/#reflexive-relation
https://byjus.com/#symmetric-relation
https://byjus.com/#transitive-relation
https://byjus.com/#equivalence-relation
https://byjus.com/#representation
https://byjus.com/#example-question
https://www.math-only-math.com/images/arrow-diagram.jpg
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This mapping depicts a relation from set A into set B. A relation from A to B is a subset of A x B.The 
ordered pairs are (1,c),(2,n),(5,a),(7,n).For defining a relation, we use the notation where . 
The set {1, 2, 5, 7} represents the domain. 
The set {a, c, n} represents the range. 

 
Sets and Relations 
Sets and relation is interconnected with each other. The relation defines the relation between two given 
sets. 
If there are two sets available, then to check if there is any connection between the two sets, we use 
relations. 
For example, An empty relation denotes none of the elements in the two sets is same. 
Let us discuss the other types of relations here. 
 

Types of Relations 
There are 8 main types of relations which include: 

 Empty Relation 

 Universal Relation 

 Identity Relation 

 Inverse Relation 

 Reflexive Relation 

 Symmetric Relation 

 Transitive Relation 

 Equivalence Relation 

 
Empty Relation 
An empty relation (or void relation) is one in which there is no relation between any elements of a set. 
For example, if set A = {1, 2, 3} then, one of the void relations can be R = {x, y} where, |x – y| = 8. For 
empty relation, 
R = φ ⊂ A × A 
 

Universal Relation 
A universal (or full relation) is a type of relation in which every element of a set is related to each other. 
Consider set A = {a, b, c}. Now one of the universal relations will be R = {x, y} where, |x – y| ≥ 0. For 
universal relation, 
R = A × A 
 

Identity Relation 
In an identity relation, every element of a set is related to itself only. For example, in a set A = {a, b, c}, 
the identity relation will be I = {a, a}, {b, b}, {c, c}. For identity relation, 
I = {(a, a), a ∈ A} 
 

Inverse Relation 
Inverse relation is seen when a set has elements which are inverse pairs of another set. For example if set 
A = {(a, b), (c, d)}, then inverse relation will be R-1 = {(b, a), (d, c)}. So, for an inverse relation, 
R-1 = {(b, a): (a, b) ∈ R} 
 

Reflexive Relation 
In a reflexive relation, every element maps to itself. For example, consider a set A = {1, 2,}. Now an 
example of reflexive relation will be R = {(1, 1), (2, 2), (1, 2), (2, 1)}. The reflexive relation is given by- 
(a, a) ∈ R 
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Symmetric Relation 
In a symmetric relation, if a=b is true then b=a is also true. In other words, a relation R is symmetric only 
if (b, a) ∈ R is true when (a,b) ∈ R. An example of symmetric relation will be R = {(1, 2), (2, 1)} for a set 
A = {1, 2}. So, for a symmetric relation, 
aRb⇒bRa, ∀ a, b ∈ A 
 

Transitive Relation 
For transitive relation, if (x, y) ∈ R, (y, z) ∈ R, then (x, z) ∈ R. For a transitive relation, 
aRb and bRc⇒aRc∀ a, b, c ∈ A 
 

Equivalence Relation 
If a relation is reflexive, symmetric and transitive at the same time it is known as an equivalence relation. 
 

Representation of Types of Relations 

Relation Type Condition 

Empty Relation R = φ ⊂ A × A 

Universal Relation R = A × A 

Identity Relation I = {(a, a), a ∈ A} 

Inverse Relation R-1 = {(b, a): (a, b) ∈ R} 

Reflexive Relation (a, a) ∈ R 

Symmetric Relation aRb⇒bRa, ∀ a, b ∈ A 

Transitive Relation aRb and bRc⇒aRc∀ a, b, c ∈ A 

 
Example Question 
Example: Let A be the set of all the Honda city cars manufactured by Honda. A relation in set A is given 
by caris congruent to car Determine whether the defined relation is reflexive, symmetric and transitive. 
Solution: 
Since all cars of the same design are same in shape and size, we can say that for every, .Therefore it 
represents a reflexive relation. Now for every, and b=a as the cars are exactly same. Hence, R is 
symmetric. Also some other car c of the same model will also be equal to car a and b. It implies that ⇒. It 
is also transitive. 
Hence, R is an equivalence relation. 
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Unit-2 
Functions 
A function is a relation that maps each element x of a set A with one and only one element y of another set B. 
In other words, it is a relation between a set of inputs and a set of outputs in which each input is related with 
a unique output. A function is a rule that relates an input to exactly one output. 
 

 
 
It is a special type of relation. A relation f from a set A to a set B is said to be a function if every element of 
set A has one and only one image in set B and no two distinct elements of B have the same mapped first 
element.  A and B are the non-empty sets. The whole set A is the domain and the whole set B is co domain. 

 
Representation 
A function f: X →Y is represented as f(x) = y, where, (x, y) ∈ f and x ∈ X and y ∈ Y. 
 
For any function f, the notation f(x) is read as “f of x” and represents the value of y when x is replaced by the 
number or expression inside the parenthesis. The element y is the image of x under f and x is the pre-image 
of y under f. 

 
Every element of the set has an image which is unique and distinct. If we notice around, we can find many 
examples of functions. 
If we lift our hand upward, it is a function. Waving our hand freely, it is a function.  A walk in a circular 
track, yes it is a type of function. Now you can think of other examples too! A graph can represent a function. 
The graph is the set of all pairs of the Cartesian product. 
Does this mean that every curve in the world defines a function? No, not every curve drawn is a function. 
How to find it? Vertical line test. If any curve intercepts a vertical line at more than one point, it is 
a curve only not a function. 
 
Solved Example for You 
Problem: Which of the following is a function? 

1.  

https://www.toppr.com/guides/geography/maps/know-all-about-maps/
https://www.toppr.com/guides/english/vocabulary/words/
https://www.toppr.com/guides/maths/sets/introduction-to-sets/
https://www.toppr.com/guides/maths/algebraic-expressions/expressions-and-its-parts/
https://www.toppr.com/guides/quantitative-aptitude/data-interpretation/bar-graph/
https://www.toppr.com/guides/+maths/relations-and-functions/cartesian-product-sets/
https://www.toppr.com/guides/maths/application-of-integrals/area-under-simple-curves/
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2.  

3.  
Solution: Figure 3 is an example of function since every element of A is mapped to a unique element of B 
and no two distinct elements of B have the same pre-image in A. 
Types of Functions 

1. One to One Function 
A function f: A → B is One to One if for each element of A there is a distinct element of B. It is also known 
as Injective. Consider if a1 ∈ A and a2 ∈ B, f is defined as f: A → B such that f (a1) = f (a2) 

 
2. Many to One Function 

It is a function which maps two or more elements of A to the same element of set B. Two or more elements 
of A have the same image in B. 

 
3. Onto Function 
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If there exists a function for which every element of set B there is (are) pre-image(s) in set A, it is Onto 
Function. Onto is also referred as Surjective Function. 

 
 

 
 

4. One – One and Onto Function 
A function, f is One – One and Onto or Bijective if the function f is both One to One and Onto function. In 
other words, the function f associates each element of A with a distinct element of B and every element of B 
has a pre-image in A. 

 

 
 
 

Composite function is a function that depends on another function. A composite 

function is created when one function is substituted into another function. 

 

For example, f(g(x)) is the composite function that is formed when g(x) is substituted 

for x in f(x). 

f(g(x)) is read as “f of g of x”. 
f(g(x)) can also be written as (f ο g)(x) or fg(x), 

In the composition (f ο g)(x), the domain of f becomes g(x). 

 

The following diagram shows some examples of composite functions. Scroll down the 

page for more examples and solutions. 
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Example: 

Given f(x) = x2 + 6 and g(x) = 2x – 1, find 

a) (f ο g)(x) 

b) (g ο f)(x) 

Solution: 

a) (f ο g)(x) 

= f(2x – 1) 

= (2x – 1)2 + 6 

= 4x2 – 4x + 1 + 6 

= 4x2 – 4x + 7 

b) (g ο f)(x) 

= g(x2 + 6) 

= 2(x2 + 6) – 1 

= 2x2 + 12 – 1 

= 2x2 + 11 



   Elementary Mathematics 

KCRI COLLEGE Page 20 

Inverse function definition 
  
An inverse function is a function that undoes the action of the another function. A function gg is 
the inverse of a function ff if whenever y=f(x)y=f(x) then x=g(y)x=g(y). In other words, 
applying ff and then gg is the same thing as doing nothing. We can write this in terms of 
the composition of ff and gg as g(f(x))=xg(f(x))=x. 
A function ff has an inverse function only if for every yy in its range there is only one value 
of xx in its domain for which f(x)=yf(x)=y. This inverse function is unique and is frequently 
denoted by f−1f−1 and called “ff inverse.” 
 
 

 

 
 

 
 

 
 

 

 
 

https://mathinsight.org/definition/composition
https://mathinsight.org/definition/range
https://mathinsight.org/definition/domain
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Unit-3 
 
Intro to complex numbers: 
In the real number system, there is no solution to the equation x2=-1. In this lesson, we will study a new 
number system in which the equation does have a solution. 
The backbone of this new number system is the number iii, also known as the imaginary unit. 
 

 𝑖2=-1 

 𝑖 = √−1 
 𝑖 3=- 𝑖 
 𝑖4=1 

 
 By taking multiples of this imaginary unit, we can create infinitely many more new numbers, like 3i, i√5

and -12i. These are examples of imaginary numbers. 
However, we can go even further than that and add real numbers and imaginary numbers, for 
example 2+7iand 3-√2i.These combinations are called complex numbers. 
 

Defining complex numbers 
A complex number is any number that can be written as x+ 𝑖𝑦, where 𝑖is the imaginary unit and bare real 
numbers. 
x+iy 

Note:-z=x+iy is called  
a) Real if y=0 
b) Imaginary if y≠0 
c) Purely imaginary if x =0 

On the basis ’0’is a real and purely imaginary number as well 
 

Negative integral  power of i:- 𝑖 -1         =1𝑖 = −𝑖 𝑖 -2     =       -1 𝑖 -4     =1 
Note:-𝑖 0=1 

Eample:  Evaluate the following, 
1) 𝑖 457 

2) 
1𝑖58 

 

Solution: 

1. 𝑖 457     =i 

2. 
1𝑖58      =

1𝑖2  =-1 

 

Representation of complex number: 
a) Algebraic Form :- z=x+iy 
b) Ordered pair form: z=(x,y),z is also represented on a plane as a point (x,y) .its real part is shown on 

the  x- axis(real axis) and imaginary part on the y-axis.this plane is known as complex plane or 
argand plane or Gaussian plane. 

c) Polar form or trigonometric form:- z=r(cosθ+isinθ) 
i.e. x=rcosθ and y=rsinθ 

where r=√x2 + y2  =|z| is the modulus of z (geometrically ,it is the distance of point z from the 
origin) and θ is called the argument or amplitude of z and is denoted by argz. 
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ALGEBRA OF COMPLEX NUMBERS  
1. Addition of two complex numbers:- 

Let z1=a+bi and z2=c+di be any two complex numbers than the sum  of z1 and z2  is defined 
as follows 
z1+z2    = (a+bi)+(c+di) 
=(a+c)+i(b+d) 
Here z1+z2  is also a complex numbers 
For example if z1=2+3i ,z2=4+5i 
Then z1+z2=(2+4)+(3+5)i=6+8i is also a complex number. 
The addition of complex numbers satisfies the following properties. 
 

i. Closure property:-Complex numbers is closed with respect to operation of addition  i.e. if z1 and 
z2 are two complex numbers then (z1+z2) is also a complex number. 

ii. Associative property:- 

For any complex numbers z1,z2,z3 
(z1+z2)+z3 =z1+(z2+z3) 

iii. Existence of additive Identity:- 
For every complex number z, there exist a complex number 0+0i called the 
additive identity such that z+0 =z=0+z. 

iv. Existence of additive Inverse:- 
For every complex number z=a+ib , there exist a complex   a complex number (-
a)+(-b)i (denoted by -z) such that 
z+(-z)=0(-z)+z 
where 0 is the additive identity and –z called the inverse element of z. 

v. commutative law:- For any two complex numbers z1 and z2,z1+z2=z2+z1 

2. Difference of two complex numbers: 
Let z1=a+ib,z2=c+di be any two complex numbers then the difference od z1 and z2 i.e. z1-z2 
defined as follows. 
z1-z2 =(a+bi)-(c+di) 
=(a-c)+b-d)i 
Note: z1-z2 ≠z2-z1 

3. Multiplication  of two complex numbers:- 
Let z1=a+bi and z2=c+di be any two complex numbers than the product  of z1 and z2  is 
defined as follows 
z1* z2    = (a+bi)*(c+di) 
=(ac+bd)+i(ad+bc) 
 
For example if z1=2+3i ,z2=4+5i 
Then z1*z2=(2×4-3×5)+i(2×5-3×4) 
                         =-7+22i 
                         , is also a complex number. 
The multiplication of complex numbers satisfies the following properties. 
 

vi. Closure property:-. if z1 and z2 are two complex numbers then (z1*z2) is also a complex 
number. 
 

vii. Associative property:- 
For any complex numbers z1,z2,z3 
(z1.z2)z3 =z1(z2.z3) 

viii. Existence of multiplication Identity:- 

For every complex number z, there exist a complex number 0+0i called the 
multiplicative identity such that 
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z.(1+0i)=z=(1+0i).z 
ix. Existence of additive Inverse:- 

For every complex number z=a+ib , there exist a complex  a complex number
𝑎𝑎2+𝑏2 

+
−𝑏𝑎2+𝑏2i (denoted by 

1𝑧) called multiplicative inverse of z  such that  

z.
1𝑧=

1𝑧.z 

x. commutative law:- For any two complex numbers z1 and z2 
            z1×z2=z2×z1 
Distributive Property:- for any three complex numbers z1,z2,z3 , 
Z1(z2+z3)=z1.z2+z1.z3 
And (z1+z2).z3=z1.z3+z2.z3 

 

Division of two complex numbers :- 
If z1 and z2 are two complex numbers such that z2≠0 then  

 𝑧1𝑧2=z1.
1𝑧2 

 

Complex identities:-  
If z1 and z2 are any two complex number then – 

a) (Z1+Z2)2 =Z12+Z22+2Z1.Z2 
b) (Z1-Z2)2 =Z12+Z22-2Z1.Z2 
c) (Z1+Z2)3 =Z13+Z23+2Z12.Z2+2Z22.Z1 
d) (Z1-Z2)3 =Z13-Z23-2Z12.Z2-2Z22.Z1 

 
Square root of a complex numbers 

 

We givesfollowing example for the method of finding the square root of a complex number. 
Example:- find the square root of 4+3i 

Solution :- Let √4 + 3𝑖=x+iy……………………(i) 
Squaring (i) ,we get 
4+3i=x2-y2+2ixy 
 
Equating real and imaginary parts we get  
x2-y2=4 and 2xy =3…………………..(ii) 
now  (x2+y2)2= (x2-y2)2+(2xy)2 

 

 

=42 +32  =25 
Therefore  x2

+y
2
=5………………(iii) 

From equation (ii) and (iii) we get 

2x
2 

=9 

=x
2
=

92 

X=± 3√2 

And y2 = 
12 

Y=±
1√2,therefore√𝟒 + 𝟑𝒊=

3+𝑖√2  or 
−3−𝑖√2  
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Quadratic Equations  
Let us now consider the quadratic equation with real coefficient in which  
b2-4ac<0 
Let the quadratic equation be ax2+bx+c=0 ,a,b,c€R and b2-4ac<0 

Therefore 𝑥 = −𝑏±√𝑏2−4𝑎𝑐2𝑎  = 
−𝑏±i√4𝑎𝑐−𝑏22𝑎  

As 4ac –b2>0  

=√4𝑎𝑐 − 𝑏2 exists in real’s and the two roots can be found out. 
 

Example: - solve the quadratic equation  

x
2
-(3√2 + 2𝑖)𝑥 + 6√2i=0 

Solution:-the given equation isx
2
-(3√2 + 2𝑖)𝑥 + 6√2i=0   

                                      =x
2
-3√2 − 2𝑖𝑥 + 6√2i=0 

                                    =x(x-3√2) − 2𝑖(𝑥 − 3√2)=0 

                                    =(x-3√2)(𝑥 − 2𝑖)=0 

                                            x=3√2,2i 

therefore the roots of the given equation are 3√2,2i 

 

Fundamental principle of counting:- 
1. Addition rule- If one experimental has n possible outcomes and another has m possible 

outcomes. Then there are(m+n) possible outcomes when exactly one of these experiments 
is performed. 
Example:-Suppose there are 5 books on chemistry and 9 books on Biology on display and 
one has to buy one book, either of chemistry or biology. Now there are 5 ways of buying a 
chemistry book and 9 ways of buying a biology book. So one can buy either a book of 
chemistry or of biology in 5+9 =14 different ways. 

2. Multiplication Principle-- If one experimental has n possible outcomes and another has m 
possible outcomes. Then there are m×npossible outcomes .when both  of these 
experiments are  performed.. 
Example:-Sushma has 3 pen ,2pencil,4 scale then the number of ways ,she carry these 
item choosing one of each.A pen can be chosen 3 different ways. 
 A Pencil can be chosen 2 different ways and a scale bechoosen4 different ways. 
Hence there are 3×2×1=24 different ways in which Sushma can carry these items choosing 
one of each. 
 

Factorial Notation:- 
The continued product of first n natural numbers is called n factorial or factorial n and is denoted by n! 
OR ˪n 
Thus n!=1.2.3.4.5………(n-1).n OR n(n-1)(n-2) …..3.2.1 

 
For Example , 4! =4×3×2×1 
 Note that  n!  =n.(n-1)!    For n>=1 
   =n.(n-1).(n-2)!                      For n>=2 
   =n.(n-1).(n-2).(n-3)!     For n>=3 
 
And so on. 
We defined 0!=1 
Note:-Factorial is not defined for n as a negative or a fraction. 
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Permutation: 
    A permutation is an arrangement of objects in a definite order taken some or all at a time. 
The Total number of such arrangement is called the number of permutations. The permutation of r objects 
out of n is denoted by p(n,r) or nPr,and is read as ‘n pee r’. 
 

Combination:- 
 Suppose we have 4 different objects A,B,C and D. Taking  2 at a time ,if we have to make combination 
,these will be AB,AC,AD,BC,BD,CD.Here  AB and BA are the same combination. There are as many as 
6 combinations of 4 different objects taken 2 at a time. 
i.e. 4C2=6. 
Now each combination can be rearranged in 2! Ways. Hence the number of permutations. 
=4C2×2! 
4P2   =     4C2×2! 
 

 

4C2=
4𝑝22!  

=
4!(4−2)!.2! 

The number of all combination of n objects taken r at a time is generally denoted by ncr. 

Clearly ncris defined only when n and r are non-negative integers such that 0<=r <=n. 
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− 

Unit –IV 

 
Sequence &Series  

1. SEQUENCES 
What is a sequence? It is a set of numbers which are written in some particular order. For 
example, take the numbers 

1,   3,   5,   7,   9,   . . .  . 

Here, we seem to have a rule. We have a sequence of odd numbers. To put this another way, we 
start with the number 1, which is an odd number, and then each successive number is obtained 
by adding 2 to give the next odd number. 
Here is another sequence: 

1,   4,   9,   16,   25,   . . .  . 

This is the sequence of square numbers. And this sequence, 

1,   −1,    1,   −1,    1,   −1,  . . . , 

is a sequence of numbers alternating between 1 and 1. In each case, the dots written at the 

end indicate that we must consider the sequence as an infinite sequence, so that it goes on for 
ever. 

 

1,   3,   5,   9 
 

form a finite sequence containing just four numbers. The numbers 
 

1,   4,   9,   16 
 

also form a finite sequence. And so do these, the numbers 
 

1,   2,   3,   4,   5,   6,   . . . ,   n . 

 
These are the numbers we use for counting, and we have included n of them. Here, the dots 
indicate that we have not written all the numbers down explicitly. The n after the dots tells us 
that this is a finite sequence, and that the last number is n. 
Here is a sequence that you might recognise: 

 

1,   1,   2,   3,   5,   8,   . . .  . 
 

This is an infinite sequence where each term (from the third term onwards) is obtained by adding 
together the two previous terms. This is called the Fibonacci sequence. 
We often use an algebraic notation for sequences. We might call the first term in a sequence 

u1, the second term u2, and so on. With this same notation, we would write un to represent the 

n-th term in the sequence. So 

u1,   u2,   u3,   . . . ,  un 
would represent a finite sequence containing n terms. As another example, we could use this 
notation to represent the rule for the Fibonacci sequence. We would write 

 

un= un−1  + un−2 

to say that each term was the sum of the two preceding terms. 
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− 

 

 

Series:- 
A series is something we obtain from a sequence by adding all the terms together. 
For example, suppose we have thesequence 

u1,   u2,   u3,   . . . ,   un. 

The series we obtain from this is 

u1+ u2+ u3+ . . . + un, 

and we write Snfor the sum of these n terms. So although the ideas of a ‘sequence’ and a 
‘series’ are related, there is an important distinction between them. 
For example, let us consider the sequence of numbers 

1,   2,   3,   4,   5,   6,   . . . ,   n . 

Then S1= 1, as it is the sum of just the first term on its own. The sum of the first two terms  

is S2= 1 + 2 = 3. Continuing, weget 

S3 =   1 + 2+3 = 6, 

S4 =   1 + 2 + 3+4 = 10, 

and so on. 
 

 
 

Arithmetic progressions 
Consider these two common sequences 

And 
1, 3, 5, 7, . . . 

 
0, 10, 20, 30, 40, .  

 
It is easy to see how these sequences are formed. They each start with a particular first term, and 
then to get successive terms we just add a fixed value to the previous term. In the first sequence 
we add 2 to get the next term, and in the second sequence we add 10. So the difference between 
consecutive terms in each sequence is a constant. We could also subtract a constant instead, 
because that is just the same as adding a negative constant. For example, in the sequence 

8,   5,   2,   −1,   −4,   . .. 

the difference between consecutive terms is 3. Any sequence with this property is called an 

arithmetic progression, or AP for short. 

We can use algebraic notation to represent an arithmetic progression. We shall let a stand for 

 

Key Point 

A series is a sum of the terms in a sequence. If there are n terms in the sequence and we evaluate 

the sum then we often write Snfor the result, so that 

 

S = u + u + u + . . . + u . 

 

Key Point 

A sequence is a set of numbers written in a particular order. We sometimes write u1for the first 

term of the sequence, u2for the second term, and so on. We write the n-th term as un. 
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− 

− 

 

Key Point 

An arithmetic progression, or AP, is a sequence where each new term after the first is obtained by 

adding a constant d, called the common difference, to the preceding term. If the first term of the 

sequence is a then the arithmetic progression is 

 

a,   a + d,   a + 2d,   a + 3d,   . . . 

−

the first term of the sequence, and let d stand for the common difference between successive 

terms. 

For example, our first sequence could be written as 
 
1,  3,        5, 7, 9, . .. 

1, 1 + 2, 1 + 2 × 2, 1 + 3 × 2, 1 + 4 × 2, . . . , 

and this can be writtenas 
a, a + d, a + 2d, a + 3d, a + 4d, . . . 

 
where a = 1 is the first term, and d = 2 is the common difference. If we wanted to write down 

the n-th term, we would have 

a + (n − 1)d , 

because if there are n terms in the sequence there must be (n 1) common differences between 

successive terms, so that we must add on (n 1)d to the starting value a. We also sometimes 

write ℓ for the last term of a finite sequence, and so in this case we would have 
 

ℓ = a + (n − 1)d . 

 

 

1. The sum of an arithmeticseries 
Sometimes we want to add the terms of a sequence. What would we get if we wanted toadd 
the first n terms of an arithmetic progression? We wouldget 

 

Sn=a+(a+d)+(a+2d)+ ................ +(ℓ−2d)+(ℓ−d)+ℓ. 
Now this is now a series, as we have added together the n terms of a sequence. This is an 

arithmetic series, and we can find its sum by using a trick. Let us write the series down again, 
but this time we shall write it down with the terms in reverse order. We get 

 

Sn=ℓ+(ℓ−d)+(ℓ−2d)+................. +(a+2d)+(a+d)+a. 

 

We are now going to add these two series together. On the left-hand side, we just get 2Sn. But 

on the right-hand side, we are going to add the terms in the two series so that each term in the 
first series will be added to the term vertically below it in the second series. We get 
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2 

2 

2 

2 

Key Point 

The sum of the terms of an arithmetic progression gives an arithmetic series. If the starting value is 

a and the common difference is d then the sum of the first n terms is 

S = n(2a + (n − 1)d) . n 
1 

2 

If we know the value of the last term ℓ instead of the common difference d then we can write 

the sum as Sn = 
1 n(a + ℓ) . 2 

− 

 

2Sn= (a + ℓ) + (a + ℓ) + (a + ℓ) + . . . + (a + ℓ) + (a + ℓ) + (a + ℓ) , 
 

and on the right-hand side there are n copies of (a + ℓ) so we get 

2Sn= n(a + ℓ) . 
But of course we want Snrather than 2Sn, and so we divide by 2 to get 

Sn= 
1n(a + ℓ) . 

We have found the sum of an arithmetic progression in terms of its first and last terms, 
a and ℓ, and the number of terms n. 
We can also find an expression for the sum in terms of the a, n and the common 
difference d. 

To do this, we just substitute our formula for ℓ into our formula for Sn. From 

ℓ=a+(n−1)d, Sn= 
1n(a + ℓ) 

we obtain 
 

Sn = 
1n(a+a+(n−1)d) 

= 
1n(2a+(n−1)d). 

 

 
 

Geometric progressions 
We shall now move on to the other type of sequence we want to 
explore. Consider the sequence 

2,   6,   18,   54,   . . . . 
Here, each term in the sequence is 3 times the previous term. And in the sequence 

1,   −2,   4,   −8,   . . . , 

each term is 2 times the previous term. Sequences such as these are called geometric 

progres- sions, or GPs for short. 

Let us write down a general geometric progression, using algebra. We shall take a to 
be the first term, as we did with arithmetic progressions. But here, there is no common 
difference. Instead there is a common ratio, as the ratio of successive terms is always 
constant. So we shall let r be this common ratio. With this notation, the general 
geometric progression can be expressed as 
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− 

− 

− 

 

Key Point 

A geometric progression, or GP, is a sequence where each new term after the first is obtained by 

multiplying the preceding term by a constant r, called the common ratio. If the first term of the 

sequence is a then the geometric progression is 

 

a, ar, ar2, ar3, . . . 

−

a,   ar,    ar2,   ar3,   . . . . 

So the n-th can be calculated quite easily. It is arn−1, where the power (n 1) is always 

one less than the position n of the term in the sequence.  
 
In our first example, we had a = 2 and r = 3, so we could write the first sequence as 
a,   ar,    ar2,   ar3,   . . . . 

So the n-th can be calculated quite easily. It is arn−1, where the power (n 1) is always 

one less than the position n of the term in the sequence. In our first example, we 
had a = 2 and r = 3, so we could write the first sequence as 

2,   2 × 3,   2 × 3
2,   2 × 3

3, . . . . 

In our second example, a = 1 and r = −2, so that we could write it as 

1, 1 × (−2),1 × (−2)
2, 1 × (−2)

3, . . . . 
 
 
 

 

1. The sum of a geometricseries 

Suppose that we want to find the sum of the first n terms of a geometric 

progression. What we get is 

Sn= a + ar + ar2
+ ar3

+ . . . + arn−1, 

and this is called a geometric series. Now the trick here to find the sum is to multiply 
by r and then subtract: 

 

Sn =a + ar+ ar2
+ ar3

+ . . . + arn−1 

rSn= ar+ar2
+ar3

+...+arn−1
+arnSn−rSn =  a−ar 

 
so that 

 

Sn(1 − r) = a(1 − rn
) . 

 

Now divide by 1 − r (as long as r ƒ= 1) to give 

a(1 rn
) 

Sn= . 
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Key Point 

The sum of the terms of a geometric progression gives a geometric series. If the starting value 

is a and the common ratio is r then the sum of the first n terms is 

a(1 − r ) 

Sn = 

1 − r 

ƒ

n 

1 − r 
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Unit –V 

 
Remember: 

1. Coordinate systems: Cartesian and polar system  

(i) x=rcosθ, y =rsinθ 

 

(ii)r
2
=x

2
+y

2,=θ tan-1
(y/x) 

 

 (iii) x coordinate is a=lso called abscissa and y coordinate is called ordinate. 

 
                     2. Distance between two points 

                         (x1, y1) and (x2, y2) = √(x2 − x1)2 + (y2 − y1)2 

3. Section Formula: if a point P divides the line segment joining points (x1, yı) and (x2, y2) in the 

ratio 

(i) m:n internally then P=( 
𝑚𝑥2+𝑛𝑥1𝑚+𝑛  +

𝑚𝑦2+𝑚𝑦1𝑚+𝑛 ) 

(ii) m:n internally then P= =( 
𝑚𝑥2−𝑛𝑥1𝑚−𝑛  +

𝑚𝑦2−𝑚𝑦1𝑚−𝑛 ) 

 

(iii)if P is the midpoint then P==( 
𝑥1+𝑥22  +

𝑦1+𝑦22 ) 

 

5. Area of a triangle whose vertices are (X1, yı) (x1, y2) and (X3, y3)  

=
12 [x1(y2-y3)+x2(y3-y1)+x3(y1-y2)] 

 

Note: If the area of the triangle ABC is zero, then three points A,B,C lie on a line, i.e.they are 

collinear. 

 

Slope of a line: 

If a line makes an angle with X-axis in anticlockwise direction then tanθ is called slope or 

gradient of the line. It is generally denoted by 'm' 

 
 

Instead of X-axis, if the line makes an angle e with positive direction of y-axis, then the 

 slope = tan (
𝜋2 −θ) 
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Slope of a line joining the points (x1, y1) and (x2, y2) = 

 

 

 
 

Note: 

1. Slope of X-axis or a line parallel to X-axis is zero. 

2.  Slope of Y-axis or a line parallel to Y-axis (i.e. perpendicular to X-axis) is undefined. 

3. If two lines are parallel then their slopes are equal and conversely if slopes of two lines are 

equal they are parallel4. 

4. If two lines are perpendicular then the product of their slopes is -1 

Hence if l and la are two lines and m, and m2 are their slopes respectively then, 

 l1 and l2 are parallel if m1=m2 

l1 and l2 are perpendicular if m1.m2=-1 

 

Example: Find the slope of the line 

 

2.  Whose inclination is 60° with the positive direction of X-axis. 

 

2.Passing through the points (3,-2) and (3, 4) 

 

3.Passing through the points (2, -3) and (4,4) 

Solution: 

1. Here inclination of the line 0 = 60° therefore slope of the line is m = tan60° 

 

2.  We know that the slope m of a line passing through (x1, y1) and (x2, y2) = 

=
𝑦2−𝑦1𝑥2−𝑥1 

                                    M=
4−(−2)3−3 =  6 0  which is not defined 

 

  3.    We know that the slope m of a line passing through 

(x1, y1) and (x2, y2) =
𝑦2−𝑦1𝑥2−𝑥1 

 

                 M=   
4−(−3)4−2 =

72 

Example: Show that line passing through the points (4, 4) and (3, 5) is perpendicular to the line 

through the points (4, 4) and (-1,-1) 

 

Solution:Let the given points we A(4,4), B(3, 5) and C(-1,-1) 
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Slope of AB = m1=
5−43−4=-1 

Slope of CA =m2 =
−1−4−1−4=1 

Here m1.m2 = -1 

i.e.  AB ꓕ CA 

Example: Prove that the line joining the points (9,5) and (-1, 1) is parallel to the line joining  

                    the points (8, -3) and (3, -5). 

Solution: 

                 Slope of m1, of line joining the points (9,5) and (-1, 1) is given by m 1=
1−5−1−9=

25 

 

Slope of m2 of line joining the points (8, -3) and (3, -5) is given by m2 =
−5+33−8 =

25 

Herem1 = m2 

 these lines are parallel؞

 

Example: Lines through (-2, 5) and (3, 7) is perpendicular to the line through the points (5,6) 

and  

(x, 16) .find the value of x. 

Solution: Slope m1, of line through the points (-2,5) and (3,7) is given by m1=
7−53+2=

25 

 

Slope m2 of line through the points (5, 6) and (x, 16) is given by m2 =
16−6𝑥−5 =

10𝑥−5 

 

For perpendicularity m1 .m2 = -1 

 

                           =
25×

10𝑥−5=-1 

                    =-5x+25=20 

                          x=1 

 

ANGLE BETWEEN TWO LINES: 

Whose slopes are m1, and m2 is θ=tan
-1

(
𝑚2−𝑚11+𝑚1𝑚2) 

 

Acute and obtuse angle between them are tan
-1

|
𝑚2−𝑚11+𝑚1𝑚2| and π-tan

-1
|

𝑚2−𝑚11+𝑚1𝑚2| respectively 

As 1+m1.m2≠0 

 

 



   Elementary Mathematics 

KCRI COLLEGE Page 37 

Example: Find the angle between the lines joining the points (0,0), (2, 3) and the points (2,2), 

(3, 5). 

 

Solution: Let θ be the angle between the given lines 

We have, 

m1=Slope of the line joining (0,0) and (2,3)=
3−02−0=

32 

m2 = Slope of the line joining (2,-2) and (3, 5) = 
5+23−2=7 

 

Therefore   tanθ=| 𝑚2−𝑚11+𝑚1𝑚2| 

                =    |
7−3/21+7(32)| 

               =|
11/223/2| 

             =|
1123| 

   Θ=tan-1
(± 1123) 

 

Co linearity of points A, B, and C: 

(a) Slope of AB= Slope of BC (=Slope of CA)  

(b) Area of triangle ABC=0 

(c) A divides BC in some ratio. i.e. section formula holds 

 (d) Sum of two of AB, BC and AC is equal to the third 

 

Example:Three points P (h, k), Q (X1, y1) and e points P (h, k),Q (X1, Y1) and R(X2, y2) lie on a 

line.  

Show    that (h-x1), (y2,y1)=(k-y1)(x2-x1) 

 

Solution: Since points P, Q and R are collinear, we have 

Slope of PQ=Slope of QR ,i.e 
𝑦1−𝑘𝑥1−ℎ =

𝑦2−𝑦1𝑥2−𝑥1 

=
𝑘−𝑦1ℎ−𝑥1 =

𝑦2−𝑦1𝑥2−𝑥1 

 

Hence (h-x1),(y2,y1)=(k-y1)(x2-x1)  



   Elementary Mathematics 

KCRI COLLEGE Page 38 

 
 

 

Example: Reduce the equation √3.x + y - 16 = 0 into normal form. Find the value of p and ∝. 

Solution: Given equation is √3.x + y - 16 = 0…..….. (1) 
 

Dividing (1) by √(√3)2 + (1)2= 2, we get √32 x +
1 2y=8 

 

= cos30°.x + sin30°.y = 8     ………………..(2) 
Comparing (2) with xcos∝+ ysin∝ =p 

 

We get p = 8 and a = 30° 
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       (b) Equation of a straight line perpendicular to the line ax+by+c=0 can be taken as bx-

ay+k=0 

 

THE GEOMETRY OF A CIRCLE 

The circle is a familiar shape and it has a host of geometric properties that can be proved using 

traditional Euclidean format. But it is sometimes useful to work in co-ordinates and this 

requires us to know the standard equation of a circle, how to interpret that equation and how 

find the equation of a tangent to a circle. This video will explore these particular facets of a 

circle, using coordinate geometry. 

 

THE EQUATION OF A CIRCLE CENTRED AT THE ORIGIN 

The simplest case is that of a circle whose centre is at the origin. Let us take an example. What 

will be the equation centered on the origin with radius 5 units? 

 

 
 



   Elementary Mathematics 

KCRI COLLEGE Page 40 

If we take any point P(x, y) on the circle, then OP = 5 is the radius of the circle. But OP is also the 

hypotenuse of the right-angled triangle OPN, formed when we drop a perpendicular from P to 

the r-axis. Now in the right-angled triangle, ON = I and NP = y. Thus, using the theorem of 

Pythagoras, 

 

X2 + y2 = 5
2 

= 25. 

And this equation is true for any point on the circle. 

 

THE GENERAL EQUATION OF A CIRCLE 

 

What is the equation of a circle of radius r, centered at the point C(a,b)? 

 

 

 
We shall take a horizontal line through the centre C and drop a perpendicular from P to meet 

this horizontal line at N. Then again we have a right-angled triangle CPN where CP = ri5 we have 

the hypotenuse, and where we have CN=x-a and PN =y-b. Thus using Pythagoras again 

We have  

CN2 + PN2 = CP2, 

 

so that                                                 (x-a)2 +(y-b)2 = r2. 

 

Expanding the brackets gives 

 

X2-2ax+a2+y2-2by+b2=r2, 

 

and if we bring r to the left-hand side and rearrange we get 

 

-                            X2-2ax + y2 - 2by+a2 + b2-r2 = 0. 

 

It is a convention, at this point, to replace -a by g and -b by f . This gives  

                  X2 + 2gx + y2 + 2fy+g2 +f2 –r2= 0. 
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Now look at the last three terms on the left-hand side, g2+ f2 - r2. These do not involve x or y at 

all, so together they just represent a single number that we can call c. Substituting this into the 

equation finally gives us 

 

                     X2+2gx + y2 + 2fy+c=0. 

 

This is the general equation of a circle. We can recognize it, because it is quadratic in both x and 

y, and it has two additional properties. First, there is no term in xy. And secondly, the 

coefficient of x2 is same as the coefficient of y2.But you can always multiply an equation by a 

non-zero constant to obtain another valid equation, and so we must allow for this possibility. 

The centre of the circle is then at (a, b) = (-g,-f) and, since c=g2 + f2-r2, we have  

                                         r2 = g2 + f2- c, 

 

so that the radius of the circle is given by 

 

                                                         r= √𝑔2 + 𝑓2 − 𝑐 

 

    Example 

  Find the centre and radius of the circle 

 

                     x2 +y2+8x +7=0. 

 

Solution 

Notice that, in this example, there is no y term. If we compare our equation with the standard 

Equation       x2 +y2 +2gx + 2fy +c=0, 

 

we see that g = 4 and f = 0. So the centre of the circle is (-9,-f) = (-4,0). We also see that c= 7. so 

we find the radius by calculating 

 

                                                                               r=√𝑔2 + 𝑓2 − 𝑐 

                                                                              =√42 + 02 − 7 

                                                                                    = √16 − 7 

=√9 

=3. 

 

THE EQUATION OF A TANGENT TO A CIRCLE AT A GIVEN POINT 

 

What is the equation of the tangent to the circle x2 + y2 + 2x + 4y - 3=0 at the point (1,-4) 

 on the circle? 

 

For a question like this, we should check first that the given point does indeed lie on the circle. 

 

If we substitute x=1 and y=-4 into the equation, we obtain 
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1
2
+(-4)

2
+2 x 1+4x(-4) - 3 = 1+ 16 +2+(-16) -3 = 0, 

 

And so the equation is satisfied .In fact we can see this from a diagram. 

 

 

 
We have also marked the centre of the circle on the diagram. To find the centre, we note that 

 g= 1 and f = 2, so that the centre is at (-1,-2). 

A tangent is a straight line that just touches the circle. To find the equation of a straight line we 

need to know either two points on it, or one point on it together with its gradient. In this 

example, we know one point on the line, the point (1, -4) where it is to touch the circle. But we 

do not know another point. Nor do we know the gradient. So what should we do? 

One fact we do know is that the tangent to a circle is perpendicular to the radius at the point of 

contact. In this case, we know the point of contact (1,-4), and we also know the centre (-1,-2). 

We can therefore calculate the gradient of the radius from the centre to the point of contact, 

and hence the gradient of the tangent. 

Now the gradient m of a straight line joining the points (21, yı) and (12,42) is given by 

 

                                 m=
𝑦2−𝑦1𝑥2−𝑥1 

So if we take (x1,y1) = (1, -4) and (22, 12) = (-1,-2), the gradient my of the radius is 

 

m1=
(−2)−(−4)(−1)−1 =-1 

We now use the result that, if two lines with gradients m1 and m2 are perpendicular, then 

m1m2 = -1. Here, the gradient of the radius is m1 = -1, and so the gradient of the tangent must 

be m2 = 1. 

 

Now we have enough information to find the equation of the tangent. We know that the 

equation of a straight line be found from the formula with a given gradient m =1 and containing 

a given point 

(x1, y1) = (1,-4) can be found from the formula  

                                 y – y1= m(x - x1), 

and so the equation of the tangent is given by 

                    y - (-4)   =  1 x (x- 1)  

y +4 = x-1  

y = x-5. 
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Example: 

Find the equation of the tangent at the point (0,2) to the circle x2 + y2 - 4x + 2y -8= 0. 

 

Solution: 

 

We start by finding the centre of the circle From the equation, we see that g=-2 and f = 1, so the 

centre of the circle is at (2,-1). 

 
Let us take (x1, y1) = (0, 2) and (x2, y2) = (2, -1). Then the gradient m1 of the radius joining 

these two points is 

 

                                               m1 =
𝑦2−𝑦1𝑥2−𝑥1 

                                                    =
(−1)−22−0  =

32 

 

If the tangent has gradient m2 then we must have m1m2 = -1 as the tangent and the radius are 

perpendicular, and so m2 = 
23 

 

Now we can find the equation of the tangent. We know the gradient m2 =
23 , and we know a 

point (x1, y1) = (0, 2). So the tangent is given by 

 

                                                   y-y1 =m2(x-x1) 

                                                     y-2=
23 (x-0) 

                                                    y=
23x+2 

Note that the y-intercept of this line is 2, as we would expect from the fact that it passes 

through the given point (0,2). 
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